We study the relaxation of a topologically non-trivial vortex braid with zero net helicity. The aim is to investigate the extent to which the topology of the vorticity field -characterized by braided vorticity field lines -determines the dynamics. In order to reduce energy dissipation and generation of helicity we perform our experiments at a Reynolds number of up to 25, 000. Analogous to the evolution of braided magnetic fields in plasma, we find that the relaxation of our vortex braid leads to a simplification of the topology into largescale regions of opposite swirl, consistent with an inverse cascade of the helicity. The change of topology is facilitated by vortex reconnection, possible due to the finite viscosity. The field line helicity distribution simplifies, while the integral of their magnitude is well conserved. This suggests that vortex braids with a sufficiently strong background vorticity unwind and simplify through similar processes as magnetic braids while conserving information about their topologically non-trivial initial state in the form of the field line helicity. Moreover, the unsigned helicity density is found to bound the minimum attainable kinetic energy during the relaxation.
I. INTRODUCTION
We analyze in the following the relaxation of a braided vorticity field in a fluid of high Reynolds number (Re > 10 4 ). With the notion "braided" we describe a situation where we have a dominant component of the vorticity field in one direction, in our case the z-direction, so that all vorticity field lines connect two opposite sides of our domain (see Figure 1) . The motivation for this scenario is three-fold: First, the situation of a braided vorticity field is of relevance for many cases of rotating astrophysical bodies, where the rotation of the star or planet provides a dominant component of the vorticity and the contributions from convection or turbulence to the vorticity are weaker and only contribute to a braiding of the vortex lines. Second, this set-up has the advantage that all vorticity lines connect from the lower to upper boundary of our domain. That is, there are no null points of the vorticity in the domain and hence the topological structure of the field is uniquely 1 described by its field line mapping from the lower to the upper boundary. This allows us to analyze the topology of the field at any point in time using various tools such as the field line helicity 1,2 , the topological entropy 3 , or the topological degree 4 . With these tools one can follow the dynamics of the relaxation with the ultimate aim to make predictions regarding the final state of the relaxation process. One can even identify individual processes of vortex reconnection taking place. However, we are here less interested in the individual reconnection events, but rather in the collective effect which a turbulent cascade of reconnection events has on the route the relaxation process takes. The third motivation is that this vortex braid relaxation is the exact analogue to a magnetic braid relaxation studied by the authors before 5 . In these previous studies the relaxation exhibited additional constraints on the dynamics, over and above the one imposed by the conservation of helicity 4 . It is well established that the degree of tangling/knottedness of vorticity field lines can have important implications for the dynamics 6, 7 . In a barotropic fluid in the ideal limit, Re → ∞, this tangling is preserved, restricting the lowest energy state to which the fluid has access. When the Reynolds number is large but finite, vortex reconnection may take place, permitting a change of topology of the vortex lines. Individual events of such vortex reconnection have been studied, typically involving reconnection between isolated vortex tubes or rings [8] [9] [10] [11] [12] . Notably, in these simulations the vortex tubes usually contort during their mutual approach, such that the vortex lines reconnect locally anti-parallel (in a 2d plane). However, the vortex reconnection that happens in our simulations occurs in the presence of a dominant uni-directional vorticity field meaning that the reconnection is fully three-dimensional 13 , as recently observed in the reconnection of vortex tubes with swirl 11, 14 . (Note that with "vortex reconnection" here we refer to the process by which the vorticity field lines change their topology, prohibited in a barotropic, ideal fluid. This should not be confused with the notion of reconnection of vorticity isosurfaces, also sometimes referred to as vortex reconnection.)
II. MODEL A. Initial Condition
We wish to construct a vortex braid of a given topology, a close analogue of the magnetic braid studied in 5 . The field consists of a constant background field in the z-direction together with two vortex rings with their symmetry axis also in z-direction. All vorticity lines connect between opposite (plane-parallel, constant-z) boundaries. The background vorticity field is conveniently obtained from a (solid-body) rotational flow with the z-axis as the axis of rotation. An illustration is shown in Figure 1 , which corresponds to the vortex field we will be using.
To avoid complications of generation of secondary vortices in domain corners that typically appear in Cartesian geometries, we make use of cylindrical coordinates, with the rotation axis parallel to the z-axis. We construct the field without the homogeneous background in a cylindrical wedge with periodic azimuthal boundaries and move the frame of reference together with the global rotational flow. To obtain the effect of the background field (and the full vortex braid) we add a Coriolis term in the momentum equations (see below).
The initial flow has a vorticity field with the same topology as the magnetic braid used in e.g. 5 In this construction, the braid is a superposition of vortex rings and the uniform background vorticity, with ring axes lying in planes of constant z. Although placed somewhat further apart, our vortex ring are identical to the magnetic flux rings used to construct the magnetic braids in previous MHD experiments. Each vortex ring is constructed by first defining a single vortex ring centered at the origin. We then translate the calculated field to its position in the wedge domain; a non-trivial transformation, as described below.
For a given vorticity ω we can find different velocities u such that ∇ × u = ω, similar to the gauge freedom for the magnetic vector potential A with the magnetic field B = ∇ × A. However, it is not desirable to use the expression for the vector potential from 5 for our velocity field u as it is not divergence-free. In order to construct a divergencefree flow field we use the solutions of the Biot-Savart integral for a singular vortex ring 15 . We then construct the vortex ring from a sum (integral) of infinitely many infinitesimally thin vortex rings. For that we compute a potential C such that u = α∇ × (Ce θ ) which results in a divergence-free velocity field by construction.
We first construct the potential C 0 for a single vortex ring in a coordinate system with origin at the ring's center. Our coordinates here are (r 0 , θ 0 , z 0 ). Here, the potential C 0 (r 0 , θ 0 , z 0 ) is the double integral
with
with the complete elliptical integral of the first kind K(κ), complete elliptical integral E(κ) and
This gives us the vector potential C 0 (r 0 , θ 0 , z 0 )e θ0 in the centered coordinate system (r 0 , θ 0 , z 0 ). In order to construct the braid we make a coordinate transformation so that our ring is centered at r = R 0 , θ = Θ. The coordinates transform according to
while the vector potential transforms as
After this transformation we apply the curl operator in the wedge domain and obtain the initial velocity in the wedge domain.
For our computational domain we choose a cylindrical wedge of dimensions r ∈ [45, 65], θ ∈ [−0.1, 0.1] and z ∈ [− 16, 16] . We choose the θ and z directions to be periodic, while the boundary conditions in the radial direction are chosen such that the normal component of the velocity vanishes and any mass flux is suppressed.
Within this domain we place two vortex rings of opposite orientation, with axes lying in planes of constant z and centers at positions (r, θ, z) = (55, arctan 1/55, −8) and (r, θ, z) = (55, − arctan 1/55, 8). This means that the subsection of our volume in which the vortex lines exhibit a nontrivial tangling is located centrally within the domain, away from the r and θ boundaries. The initial vertical distance of 16 in non-dimensional code units between the (axes of the) vortex rings ensures that their velocities do not significantly overlap. Note that the superposition of the vortex ring with the background vorticity leads to a local twisting of the vorticity lines, and since the boundaries are periodic along z, the vorticity lines in principle pass through infinitely many of these twisting regions.
To prevent effects from supersonic flows we choose the amplitude of the vorticity in the twisting region to α = 0.1. This will keep the velocities throughout the simulations well below the speed of sound. For the background vorticity we choose Ω = 0.1e z . This will lead to a vortex field with the desired topology. The ratio of the two amplitudes α/Ω determines the strength of the braiding and with that the topology of the vortex field. Note that this background vorticity refers to the rest frame, and is achieved by using a Coriolis term in the simulations withΩ = Ω/2.
With these parameters we obtain a Rossby number
where u is a typical velocity and L a typical length scale. In our case u ≈ 0.1 (velocity at the twisting regions), L ≈ 1 (size of the twisting regions) andΩ = 0.05. With that we have Ro ≈ 1.
B. Numerical setup
To the above derived velocity u we need to add a background velocity U that generates the background vorticity Ω.
To circumvent issues at the domain's corners and issues with non-vanishing normal velocities at the boundaries, we place our cylindrical wedge domain in a co-moving frame. This generates the additional term of the Coriolis force 2u ×Ω.
Our resulting equations are then the equations of motion for a viscous, isothermal and compressible gas:
with the isothermal speed of sound c s , density ρ, viscous forces F visc and Lagrangian time derivative D/Dt = ∂/∂t + u · ∇. Here the viscous forces are given as F visc = ρ −1 ∇ · 2νρS, with the kinematic viscosity ν, and traceless rate of strain tensor
Being an isothermal gas we have p = c 2 s ρ for the pressure. Equations (10)-(11) are solved using the PENCILCODE 16 , 30 which is an Eulerian finite-difference code using sixth-order in space derivatives and a third-order time stepping scheme 16 . Throughout our simulations we use ν = 10 −3 to ν = 4 × 10 −5 in order to reduce kinetic energy dissipation and kinetic helicity dissipation as much as the limited resolution of 512 × 256 × 256 (r, θ, z) grid points allows. We emphasize that due to the barotropic nature of the fluid, in the inviscid case the tangling (or braiding) of the vortex lines would be preserved for all time.
C. Incompressibility
By construction the initial velocity field has the property ∇ · u ≈ 0. Being approximately incompressible, any calculations involving the evolution of the kinetic energy or enstrophy significantly simplify. This implies that the initial uniform density does not change in time (see equation (11)). However, numerical errors in the calculation of the potential C 0 (equation (1)) can cause inconsistencies.
To check if our assumption of incompressability holds true for all time we plot the maximum and minimum density in the domain in dependence of time (Figure 2 ). Here we choose simulation time rather than diffusion (normalized) time, since pressure effects act on dynamical time scales. Normalized time is defined as
where L is a typical length. For our simulations we take this to be the radius of the vortex rings which is approximately 1. We observe a deviation of ca. 0.5% from the uniform density at initial time, which quickly decreases to ca. 0.2% and approximately keeps constant.
III. EVOLUTION OF THE SYSTEM
Following initiation of the simulation, the two vortex rings travel towards one another due to their self-induced motion, meeting approximately at the mid-plane, z = 0. This is analogous to the self-induced motion of an isolated infinitesmial vortex ring, with some distortion due to the presence of the background vorticity and the finite radius of the rings. Due to the offset in θ between the two rings, they do not meet face-on. However, their collision leads to a local enhancement of the vorticity where they meet, as seen in the enstrophy evolution (see below). From previous studies of the relaxation of magnetic braids we know that the braid constructed in this way requires many reconnection events to untangle and is very efficient in generating a turbulent evolution. Following the initial collision, we see indeed that a highly-fluctuating, "turbulentlike" evolution ensues, in which we find numerous locations at which vortex reconnection takes place (identified by calculating (∇ × ω) · (ω + Ω)/|ω + Ω|, see 12, 13 ). Through these many localized reconnection events the field topology simplifies, with the vortex lines becoming less tangled, see Section V. However, the final state retains a non-trivial topology, and it is the way in which this final state is determined by the initial field topology that we explore further below. (12)).
IV. EVOLUTION OF GLOBAL QUANTITIES A. Kinetic Energy Conservation
We now confirm that the kinetic energy in our vortex braid simulation is conserved within times smaller than the viscous dissipation time. Any change has to come through viscous dissipation, as the boundaries do not allow for net energy fluxes into the domain. Here we compute the kinetic energy as
From Figure 3 we can confirm that within the dynamical times, kinetic energy is well conserved. As expected, if we reduce the viscosity ν, the dissipation is reduced as well. However, when we re-scale the time with the dissipation time and compare the kinetic energy decay, as in Figure 3 , we see that in fact the decay is faster for higher Re. This is because we have a dynamic, turbulent-like behaviour during the relaxation, rather than a pure diffusive process (in the latter case the curves would be expected to lie on top of one another).
B. Kinetic Helicity
In the inviscid case the kinetic helicity (hereafter, simply "helicity") is conserved. For the present configuration, in which the initial net helicity is zero, the volume-integrated helicity is therefore expected to remain approximately zero at all times, and indeed this turns out to be the case. However, we also know that the braid is composed of twisting regions of opposite signs each of which individually is helical. Indeed, it has been shown that in the relaxation of magnetic braids, not only the net helicity is important in constraining the dynamics, but also properties of the field line mapping as well as the helicity-per-fieldline spectrum 4, 17, 18 . We therefore track the (12)).
evolution of the unsigned kinetic helicity as the integral over the magnitude of the helicity densitȳ
where ∇×U = Ω. Note that here we include the background vorticity and velocity in order to capture the entire braid. For our simulations we observe first a steep rise ofH kin and then dissipation. Since for ν = 10 −3 we have τ = 1000 this means that by time 1000 we should observe a significant decrease in kinetic helicity. Indeed, we observe a drop down to a value of e −0.5 at time t/τ = 0.5 ( Figure 4 ). The initial rise happens at approximately 100 code time units, independent of the viscosity, which means that it is a non-viscous effect. As the two initial vortex rings approach we observe an increase in kinetic helicity density until the time of collision, which is approximately 100 code time units. This we attribute to vortex stretching. After that we observe that the viscosity takes over and dissipatesH kin . Note that for ν = 10 −3 , 100 code time units corresponds to t/τ = 0.1, while for ν = 10 −4 the collision time is t/τ = 0.01 in normalized times.
In the magnetic case we know that the magnetic energy is confined from below due to the presence of the magentic helicity which is expressed in the realizability condition [19] [20] [21] [22] [23] For purely hydrodynamical systems such a condition does not hold. Besides, the net kinetic helicity content in our system is zero. Nevertheless, we observe a limit for the ratio of the kinetic energy and unsigned kinetic helicity ( Figure 5 ) with a limit value of ca. 0.0035. This is so striking that it leads us to conclude that there exists a similar lower limit for the kinetic energy in presence of unsigned kinetic helicity.
This finding is complementary to previous findings on helical turbulent flows in rotating frames 24, 25 where the authors studied the effect of net kinetic helicity and rotation on the kinetic energy decay. They find that, while helicity in a non- rotating frame does not affect the energy decay, in a rotating frame, helicity poses restrictions leading to a slower decay.
C. Enstrophy
Unlike the total energy and the kinetic helicity, the enstrophy
is not necessarily conserved, even in the inviscid case. To see the factors that can lead to a change in enstrophy, we use the momentum equation (10) to write the vorticity equation as
With this we can write the time evolution of the total enstrophy as
where we used the fact that the azimuthal and vertical dimensions are periodic, u · n = 0 at the boundary andΩ · n = 0 on the r and θ boundaries. Apart from the terms involving viscosity, we have two more volume terms and one surface term that in general do not vanish. This is interesting, since our domain is closed in the radial direction and yet, there can be enstrophy fluxes through (12)).
those boundaries. However, throughout all of our simulations the velocities near the radial boundaries are very small and this term can be safely ignored. The first volume term describes the dynamical generation or annihilation of enstrophy according to the alignment of the velocity, vorticity and its curl, while the second surface term describes the dynamical generation/annihilation of enstrophy due to the Coriolis force. For high Reynolds numbers we observe first an increase and then a decrease in enstrophy ( Figure 6 ). As the vortex rings approach and collide, a large amount of vorticity is produced on small scales. Since this is a turbulent effect, it increases as we increase the Reynolds number. Indeed, the breakup of vortex sheets formed during vortex tube/ring collision is well documented 11, 26 . For higher Reynolds numbers the flow becomes more turbulent and the non-viscous terms in equation (17) become more dominant. It appears that the alignment of the fields is such that a net production of enstrophy is gained. The Coriolis contribution to the enstrophy evolution seems to dampen the production through the term (u × ω) · ∇ × ω.
V. FIELD TOPOLOGY
Our simulated configuration consists of two twisting regions. However, we aim to compare our results to previous works using three pairs of such regions (e.g. 5 ). Therefore, for the discussion in this section, we will make use of the periodicity in the z-direction and construct such a braid by following vortex streamlines over three periods.
A. Simplification of the topology
In order to analyze the changing topology of the vorticity field we integrate -at each instant of time -a set of vorticity field lines starting from a fixed grid of starting points on the lower boundary (z = −16). As time progresses, the field lines reconnect due to the finite viscosity and the system simplifies ( Figure 7 ). Similar to the magnetic case 4, 17 , we observe a separation into two large-scale vorticity tubes containing twisted vortex lines, of opposite twist (swirl). The fact that this final state mirrors closely the final state of the relaxation of a magnetic braid in a plasma suggests that some unifying underlying conservation principle is shared between the two systems.
A more precise analysis of the field line evolution can be made using the color mapping 4 which visualizes the field line connectivity and the location of periodic points. For that we trace 256 2 field lines starting at the lower boundary that are equally spaced in the radial direction r ∈ [52, 58] and the azimuthal direction θ ∈ [−0.064, 0.064]. We then assign four different colors to the field lines, depending on whether their mapped position in the r-direction is larger or smaller and whether the mapped θ is larger or smaller than where the field line started.
Since the field is highly tangled, the initial color mapping shows a high degree of complexity (Figure 8 , upper panel) with many fixed points. However, as the field relaxes and reconnects, the mapping is seen to simplify towards a state that contains much fewer fixed points (Figure 8, lower panel) . (12)), for the run with ν = 4 × 10 −5 .
B. Field Line Helicity
With the traced field lines we also compute the kinetic field line helicity
where x(x 0 , y 0 , z) and y(x 0 , y 0 , z) are the mapped points along the field lines 2 . This measures the amount of twist 27 of each field line and gives us a picture about the distribution of the helicity even in cases where its net value vanishes. Since our vortex braid is highly tangled, the distribution of the field line helicity at initial time shows some complexity at relatively small scales ( Figure 9 , upper panel). As time progresses and the field lines reconnect, the distribution simplifies greatly into two separate regions with opposite helicity (Figure 9 , lower panel). This behavior is very similar to the magnetic case where such a separation was observed as well 17 .
VI. CONCLUSIONS
We performed simulations of the relaxation of non-helical vortex braids in a cylindrical wedge domain for a viscous fluid. While the kinetic energy viscously decays, we observe an increase in the integrated norm of the kinetic helicity density at dynamical times. This increase is due to the reconnection of the vortex field lines at early times and conincides with the time the flux rings that generate the braid collide.
The hydrodynamic analog to the magnetic energy is the enstrophy. However, for the enstrophy there is no conservation law which allows for its generation and annihilation at times faster than the viscous time scales. Indeed, we observe first a fast increase due to vortex stretching, followed by a slow viscous decay.
As with the magnetohydrodynamic case, we observe reconnection of the vortex field lines and the braid simplifies to a configuration of two opposite twist regions, as manifested by the separation of the field line helicity distribution. At the same time, the distribution of field line helicity is simplified and its integrated magnitude stays approximately constant.
In magnetohydrodynamics it is known that the presence of magnetic helicity imposes a lower bound for the magnetic energy. Such a relation is not known for the hydrodynamical case. At the same time, we know from numerical experiments that topologically non-trivial magnetic braids are not free to decay, even in the case of net-zero magnetic helicity. The presence of additional topological constraints, such as preservation of the fixed point index or the field line helicity, restrict the field's decay 4, 18, 28 . In this context it is noteworthy that in the present study we have observed that the unsigned kinetic helicity appears to constrain the relaxation of the studied vortex braid. This implies the presence of additional topological constraints on the hydrodynamic relaxation process, such as those discovered in the MHD system. The fact that the final states of these two very different relaxation processes are analogous for the braid considered suggests that the constraints are likely also related to one another, and the exploration of these topological constraints in the hydrodynamic system will be an important area of future study.
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